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VELGA , Cabo Frio (Brazil).



Definition : The "complexity" of a log
pair
(X

.B) in

c(X ,B) = JimX + dim Cla(X)-181,

where 181 is the arm of the coeff of B .

Theorem (Brown-McKernan-Gueldi-Zoy,
2016

Let (X ,B) be a log C- pair.

Then CCXIE) 30 and if <CXiE) as then

(X
,
LE1) is Horr

log pair (B20).

....
-

-

-

Definition : Let (X
.
E) be a log pair

We
say

that (1
, -) is a

CC

crepant model"

if there is e : Y. --- X borational. anf

2 common p : E-> Y & 4 : E- X for which

q (kx +B) = po (k- + (d)
-

Notation :
(X , B) = bir (Y,

-
.



Definition : The "birational complexity" of
CX : E) is defined to be :

Stir (X ,
B) = inf[CYB /(-, B2) For(X ,B) 3

By > 0.

Chir (X . B) 30 provided that (XIB) is

log CY).

C(IY E.) = 2 + 1 - 3 = 0

C6ir (I Bo) = 0Example
childrenen

Coir (1 , B1) = 0 .

./clien = 2+ . .

C6 irC , B2) = 0
.



Theorem (Mauri-M ,
241 : Let (XE) be a

log CY pair of
index one (meaning Kx+ t -o).

Then Cair (X , EC = 0 if and only if
(XiB) = bir [1P" ,

Hot ... Hof

Sketch : Corr (X . B) = 0
,
then

.
There is a

crepant model (T , Bil with CCT , E+) =0.

EMSEHG

=

Totorre , FurtherNT+toa.
foric

geom & T = TL Kim
.

--

tons

gcom
=> CT1ET) = Gir Cl" , Hot ... tHn)

↳

&: What is the best tours model T that

we can achieve tropping the index one cont ?



Dual complexes :

ECX ENC finioor on amooth par.

= - Vies Ei .

Ei irretucible
.

CL

- E, tenoted DIE)The tual complex er 4
is a CW complex whose cells ofdim to

correspond to irretrable components of 1 Es
je Jo

with (10) = k + 1
.

Definition : Let (XIB) Ge clog CY
per

& p : Y
-> X be a dog revolution.

The "dual comple of (X. B) ,
denoted by-

D (X ,B) is ↑ (Bi) where

K- + B - -

*

CHx +3)
.

-



Theorem (deFernex - Kolli - Xu , 2012) :

For a logC pair
(X

, E) ,
the dual complex

④ (X , B) is well-defined up
to emple homotopy equivalence

Theorem (Kollai-Kouser
, 2012) : For a log Cy par

CX
.B) the dual complex P(X ,B) is a preuto-manifold.

Not preuto-manfolds : Preudo-manifolds

Ex li l
#

Conjecture (Koller -Xr , 2014) : Let (X ,B) be a

log C's
pair.

Then

④ (X , B) =
p
**/G

,

where <dimX-1 & G-OCH.

Theorem (Kollai - Xo , 2014) : The conjecture is the in dim 4.
.



Definition :
The "coregularity" of a log CY pair

(X ,B) is JimX -dim P(X ,B) - L

corg
(X .B) E 50 ....,

timX3.
1-uOr 5 My

- boundary.
Examples : (Xni En) := ((I')"

,
Ea n > 2 .

P(Xn , Bn) = C"" .

Corey (Xn .En) = 0.

<
Gir CXn ,

Bn) = 0.

in (1) " -> (Ip') " - Enem

(Exiya) ..... [xn : yn)) -> ([y2 : 2.) ..., [ynikn]).

CXn
.
En)/ : = (Yn

. An). [3)

④ (Yn
,kn) = HD ! ic. (IP") =

2
.

n M

Corey (in ,
<in) = 0. - I I

C (Yn , kn) = Jim Yn + p(Yn) - 14m) = n .

0 C600 (Ym <n) < n

By the Corollary Lose below) we have Cir (Ywc(n) = n



Theorem (Marri-M ,
241 : Let (X ,B) be a log

Cus
pair .

Then Cir (X -B) dim X + cry(X , B).

Reman & If Corey
(X / B) = 0

,
then C6i(X , B) < dimx

Pass to a bir model that computes Corr

Cc(XiE) = <Gir() , B)

c (X' E') > Jim X' +

Corey
(X . B')

dimX + p(X) - 12) = Jim X' + dimX .

-reg
-

/ L (X,3)

reg(Xi8') < /EY -P(x) + hmX' ·

Set P(X) = 1
.

reg (X' 5') < dimX' + 18.
- 1

&
'

reduced
.

V



Theorem (Mauri-M
, 24) :

Lot (X . B) be a log C-S
pair.

E If Con (X , B) < dim X
,
then D(X .B) is unon

of two collapsibleert complexes .

->
limes are PL-sphere

Furthermore
, if ) (X .B) is smooth of dim * 4 -

ec

than 10 (XIB) is either a sphere or a disk (PL)
.

Reman . In Jim 4
,
we get a topological sphere

Corollary : Let (X,B) be a CY
pair.

I Chir (X .B) < dimX
,
then M

, (D(X , B)) = <23
.

Proof user : -Birational Geometry -

- Schoenflier PL Theorem + PL Poniara.



Etch . Assume Kx + &wo (for simplicity) .

What does C6ir (X , B) < dimX mean ?

Pick a birational model (X' B') = Gr(X
, B)

with Corr (XiB) = c(X' b)
.

c(XiE') < dimX' .

P(X) < IE')
CQ .

-

Y- ·X-come of effective div : LI·/ El! ...agament.VI · comp of

We prope
that (in come oitable model)

,
I' properly

supports an ampledravoor.

E = Bo + E ouch that 'opport an ample A.

L(Nx +8 - E) - MMP with realing of A
that terminates on a Fam variety

is collapable &We concate DXE Eo
collapsible ↳



C

Lemma : (X .B) log pair ,
X- - --Y irc

step of the (Nx + El-MMP & the extremel

conse (int come comp of
t poerbrealy,

them D(X , B) collapses to D(T , E3)

where & y = exe .

- XV
I

Do St So D Ed ·- Y
↑

↳ . -- - M1 .Y

!

-

↓
X/ -

↓
--

C+
·-b X · ·

-

XSo El
So --

El* x-L Y ~-↑



Theorem (Lognos) : Let (X /B) be 2 617
--
-

Favo par
then 0(X I B) is a simplex

E
n - 1 in (14 5

> application of
connectednes of 1.












